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PUBLISHER'S  NOTICE. 

Many  aspects  of  reinforced  concrete  design  cannot  be  adequately 
dealt  with  in  text-books  due  to  the  lengthy  treatment  they  require 
if  they  are  to  be  really  comprehensive  and  useful.  It  is  believed 
that  Concrete  and  Constructional  Engineering  is  the  only 
periodical  in  the  English  language  which  publishes  complete  treatises 
on  such  subjects,  but  the  articles  necessarily  appear  in  serial  form, 
and  for  that  reason  they  are  cumbersome  to  use.  Where  their  im- 
portance warrants  re-publication,  such  articles  will  in  future  be  issued 
as  reprints  in  this  form  and  published  at  a  low  price.  A  list  of  other 
"  Concrete  Series  "  books  is  given  on  page  32. 


DESIGN    OF   DOMES 

The  dome  or  domed  shell  commends  itself  from  the  architectural  and  aesthetic 
points  of  view  and  would  be  a  comparatively  inexpensive  form  of  construction 
but  for  the  practical  difficulties  due  to  the  accurate  erection  of  the  curved  shut- 
tering (on  both  faces  where  the  inclination  to  the  horizontal  is  greater  than  about 
30  deg.)  and  the  difficulty  of  placing  the  concrete.  In  any  structure  a  saving  of 
materials  in  the  finished  work  due  to  an  otherwise  excellent  design  may  be  accom- 
panied by  prohibitive  erection  costs  ;  in  domes  these  cannot  be  ignored  since 
the  curved  shuttering  is  expensive  to  make  and  erect  and  the  costs  of  placing 
the  concrete  and  steel,  often  at  great  heights,  are  particularly  hea\y. 

From  other  points  of  \-iew,  concrete,  suitably  reinforced,  is  advantageous 
since,  once  the  erection  difficulties  have  been  solved,  the  wet  concrete  readily 
takes  up  the  cur\-atm-es  required  in  the  two  directions,  thus  avoiding  the  pro- 
duction of  a  series  of  flat  surfaces  which  in  most  other  materials  only  approximate 
to  the  cur^-^atures  of  the  shell.  Moreover,  the  compression  stresses  in  domes 
are  small  so  that,  particularly  with  the  high-strength  concretes  now  obtainable, 
the  shell  may  be  cast  very  thin,  resulting  in  a  fight-weight  construction.  Its 
adaptabifity  for  recei\-ing  fLxings  to  hold  an  outer  covering  or  plaster  falsework 
and  the  fact  that  the  construction  is  fireproof  are  other  advantages  of  concrete. 

In  practice,  domes  are  usually  spherical  and  are  essentially  surfaces  of 
revolution  about  a  vertical  axis.  A  vertical  section  through  this  axis  in  any 
direction  is,  as  a  rule,  an  arc  of  a  circle.  Another  possible  form  is  the  conical 
surface  of  a  right  cone  with  a  vertical  axis  gi\ing  a  triangular  section  through 
its  axis  of  revolution.  Other  shapes,  such  as  the  spheroid  giving  an  elliptical 
section  through  its  axis  of  revolution,  have  not  been  adopted  in  this  country. 
By  employing  surfaces  of  revolution  with  vertical  axes  and  ensuring  that  all 
loading  is  sjTiunetrical  about  these  axes  in  everj'  direction,  only  direct  compres- 
sion forces  in  the  shell  are  required  to  maintain  stabifity,  provided  the  shell  is 
supported  in  a  plane  at  right  angles  to  its  axis  of  revolution,  the  supports  being 
level  all  round  the  edge.  These  are  the  conditions  in  the  design  of  domes  of 
normal  proportions. 

General  Conditions  for  Stability. 

The  first  point  to  be  noted  regarding  the  stabifity  of  the  dome  is  that  the 
forces  maintaining  equifibrium  act  in  two  directions.  In  geographical  terms 
these  directions  are  those  of  latitude  and  longitude.  The  second  point  to  obser\'e 
is  that,  in  the  case  of  reinforced  concrete  arches,  their  transverse  stiffness  or 
strength  in  bending  afforded  by  the  reinforcement  contributes  to  their  strength 
and  stabifity.  In  regard  to  domes,  however,  their  stiffness  is  ignored  and  stabifity 
is  attained  by  direct  tension  or  compression  in  the  planes  previously  mentioned. 
Additional  strength  may  be  obtained  b}'  reinforcing  the  sheU  on  both  faces,  thus 
enabling  any  section  to  resist  bending  as  weU  as  direct  stresses,  but  this  is  unneces- 
sar\'  as  the  analyses  which  foUow  later  will  show.  Hence  one  layer  only  of  rein- 
forcement is  provided. 

Before  any  analysis  of  the  forces  is  attempted  it  is  as  weU  to  make  a  brief 
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survey  of  the  nature  of  these  forces  which  contribute  to  stability,  so  that  the 
object  of  the  mathematical  investigation  is  clear.  An  analogy  with  the  voussoirs 
in  a  stone  arch  may  be  drawn.  If,  for  example,  a  hemispherical  domed  shell  is 
divided  into  a  number  of  sectors  {Fig.  i)  by  joints  formed  along  lines  of  longitude, 
all  crossing  at  the  crown  (that  is  the  point  corresponding  to  the  north  pole  of  the 
terrestial  sphere),  it  is  found  that  the  shell  remains  in  equilibrium  by  virtue  of 
the  top  part  of  the  wedge-shape  sides  of  each  sector  pressing  against  one  another. 
The  top  of  each  sector  tends  to  fall  inwards  and  is  supported  by  the  equal  and 
opposite  lateral  reaction  of  the  opposite  sector.  In  addition,  in  order  to  maintain 
equilibrium  the  sectors  must  be  tied  by  a  circumferential  band  near  the  bottom. 


Ten  si  on  Bond 
or  T/e 


Fig.  1. 


Thus  the  lateral  reactions  near  the  crown  exert  horizontal  circumferential  com- 
pressions, and  towards  the  support  the  lateral  reactions,  which  have  in  effect 
become  circumferential  tensions,  are  supplied  by  the  band  or  circular  tie  near 
the  bottom.  In  other  words,  the  lateral  reactions  near  the  crown,  called  the 
circumferential  or  hoop  compression,  which  lower  down  the  sides  gradually  change 
to  circumferential  or  hoop  tension,  are  all  in  the  horizontal  plane  such  that  the 
lines  of  force  are  horizontal  circles  of  latitude  around  the  surface  of  the  shell. 
The  whole  structure  must  be  symmetrical  about  the  vertical  axis  of  revolution, 
otherwise  these  forces  will  not  be  equal  and  neutralize  one  another  in  the  main- 
tenance of  equilibrium.  In  addition  to  these  horizontal  circular  forces  there  are 
direct  compressions  acting  down  the  lines  of  longitude  {Fig.  2).  At  any  particular 
level  these  longitudinal  or  meridional  forces  are  proportional  to  the  weight  of 
the  segment   of  shell  and  any  other  load  supported  above  this  level.     The 
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meridional  stress  is  accordingly  zero  at  the  crown  and  a  maximum  at  the  sup- 
port. Hence  it  follows  that  in  a  dome,  unlike  an  arch,  there  is  no  thrust  at  the 
crown  and  a  circular  portion  may  be  removed  from  the  shell  at  the  top  to  form 
the  lantern  without  jeopardising  the  stabihty  of  the  structure.  In  the  maimer 
described,  the  forces  in  the  two  directions  of  curvature  keep  the  shell  together 
provided  the  material  of  which  it  is  made  will  withstand  the  compressions  induced 
(incidentally  the  stresses  are  quite  small)  and  that  the  material  is  able,  as  in  the 
case  of  concrete  reinforced  with  steel  bars,  to  resist  the  tension  stresses  developed. 

Calculation  of  Compressions  and  Tensions  due  to  the  Uniform  Load. 

The  following  analysis  shows  how  to  obtain  the  magnitude  of  the  hoop  com- 
pressions and  tensions  and  the  meridional  compression  at  any  point  on  the  shell. 

C/rc/es  or  figral/e/s 
O'f  latituc/e. 


Herid/ons  or  I/nes  i 
gfjon^itude  p.g   2. 

In  practice,  the  loading  is  often  compUcated  by  the  addition  of  a  point  load 
at  the  top  due  to  the  weight  of  a  lantern  or  ornament.  First,  however,  a  simple 
thin  spherical  shell  of  uniform  thickness  will  be  dealt  with  and  the  effect  of  the 
point  load  will  be  temporarily  deferred.  Certain  other  loadings  and  stresses  have 
to  be  taken  into  account.  Additional  to  the  weight  of  the  structural  concrete 
there  is  the  weight  of  the  covering  (if  any),  for  example,  tiles,  sheet  metal,  or 
asphalt,  and  a  suspended  ceiling  if  pro\ided.  The  weight  of  the  covering  is  in 
proportion  to  the  surface  area  of  the  shell,  whereas  the  weight  of  the  ceiling 
may  vary  in  proportion  to  that  of  the  projected  area.  The  sum  of  these  per  unit 
area  (which  may  be  about  20  lb.  per  square  foot)  when  added  to  the  self  weight 
of  the  concrete  shell  per  unit  area  is  the  load  to  be  used  in  the  design.  The 
effects  due  to  wind,  temperature,  and  shrinkage  are  rather  more  complex  and 
difficult  to  estimate,  but  by  reference  to  the  example  on  arches  *,  and  by  comparison, 
it  will  be  seen  that  the  stresses  involved  are  small  as  the  dead  load  stresses  are 

•  See  "  Design  of  .-Vrch  Roofs,"  by  the  author.     Published  by  Concrete  PubUcations  Limited.     Price  3s. 
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themselves  small.  It  would  therefore  appear  that  horizontal  pressure  due  to 
wind  from  one  direction  would  tend  to  cant  the  otherwise  horizontal  circum- 
ferential lines  of  force  round  the  shell  to  a  small  angle  with  the  horizontal,  and 
at  the  same  time  shghtly  increase  the  meridional  thrust  on  the  leeward  side. 
These  wind  stresses,  however,  can  be  amply  covered  by  the  superload  due  to 
snow,  etc.  Temperature  and  shrinkage  stresses  are  accounted  for  by  the  addition 
of  reinforcement  in  both  directions,  regardless  of  whether  the  shell  at  any  point 
is  in  tension  or  compression,  to  the  extent  of  about  o-2  per  cent,  of  the  cross- 
sectional  area. 

A  section  through  the  vertical  axis  of  revolution  of  a  thin  spherical  shell  is 
shown  in  Fig.  3.  Now  consider  the  equilibrium  of  an  elemental  ring  or  zone 
bounded  by  two  horizontal  planes  AB  and  CD  close  together,  of  which  the  positions 
are  defined  by  the  angles  0  and  (0  +  dcf))  in  the  illustration.     The  forces  acting  on 


T-^c/T 


Fig.  3. 

this  elemental  ring  are  (i)  a  series  of  thrusts  T  per  unit  length  of  the  circle  of 
latitude  AB  down  the  lines  of  longitude  tangential  to  the  surface  ;  (2)  a  similar 
series  of  thrusts  {T  +  dT)  per  unit  length  acting  up  the  hnes  of  longitude  also 
tangential  to  the  surface  round  the  circle  of  latitude  CD  ;  and  (3)  the  weight 
of  the  ring  acting  vertically  downward.  The  two  thrusts  cannot  be  equal  in 
magnitude,  for  they  act  at  a  small  angle  d(f>  to  one  another  and  between  them 
there  is  the  weight  of  the  ring  acting  at  varying  angles  to  them  according  to  the 
level  at  which  the  ring  is  chosen.  Hence  the  lower  reaction  is  larger  than  the 
downward  thrust  T  by  some  quantity,  say,  dT.  Clearly  the  thrust  T  is  caused 
by  the  weight  of  the  domed  shell  ANB,  whose  surface  area  is  27ir  x  EN.  Hence, 
if  w  is  its  weight  per  unit  area,  its  total  weight  is  z^;  X  27zr  x  EN  and, 
as  EN  =  r{i  —  cos  (f)),  the  weight  of  the  dome  above  the  circle  AB  is 
w  X  27ir^{i  —  cos  cf>).  As  indicated,  the  sum  of  the  vertical  components  of  all 
the  thrusts  T  per  unit  length  acting  round  the  circumference  of  the  circle  AB 
is  equal  in  magnitude  to  the  weight  of  the  portion  of  the  dome  above.     Hence 

T  X   271   X  EB  cos  (90°  —  (f))     =  W.27ir^{l  —  cos  (f)) 

that  is,  T  X  2n(r  sin  ^)  cos  (90°  —  (f))—  w.27ir^{i  —  cos  ^) 

or  T  X  2nr  X  sin^  ^  =  •w.2nr'^{j.  —  cos  0) 

™  _  w.r^i  —  cos  j>) 


sin  2^ 


(I) 
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The  difference  of  the  opposing  thrusts  T  and  {T  -\-  dT)  acting  at  the  angles 
<l>  and  {<f>  -f  d<f>)  respectively  to  the  vertical  causes  the  ring  or  hoop  force  in  the 
following  manner.  Let  H  be  the  hoop  force  per  unit  length  of  surface 
measured  on  a  great-circle  arc,  that  is,  a  line  of  longitude  through  the 
crown  of  the  shell.  The  breadth  of  the  elemental  ring  in  Fig.  3,  measured 
on  any  such  great  circle  arc  is  rd<f)  and  by  definition  the  hoop  force  on 
the  ring  is  H.rd<f).  Also  the  component  of  T  acting  horizontally  and  radially 
from  the  vertical  axis  is  T  cos  (f>.  This  component  in  turn,  as  with  any  radial 
pressure  (for  example,  in  cylindrical  water  tanks),  causes  a  hoop  tension 
T  cos  (f>  X  radius  which  radius  at  this  level  is  r  sin  (ft.  Hence  the  hoop  tension 
due  to  T  alone  is  T  cos  ^  x  r  sin  ^.  At  the  same  time  the  thrusts  {T  +  i7) 
have  a  similar  effect  (r  -f-  dT)  cos  {<f>  -j-  d<f))  x  r  sin  (<^  -f  d<f))  but  in  the  opposite 
direction  causing  hoop  compression,  and  the  difference  of  the  two  effects  causes 
the  actual  hoop  compression  or  tension  (whichever  is  greater)  on  the  elemental 
ring.  It  is  therefore  necessary  to  express  these  forces  algebraically  so  that  their 
difference  may  be  obtained.  Here  the  use  of  the  differential  calculus  is  invaluable 
and  will  be  adopted. 

The  hoop  force  in  the  elemental  ring  is  due  to  the  change  in  the  ralue  of  T 

when  <f>  is  increased  by  a  small  amount  d<f>,  and  when  this  increase  tends  to  zero 

—  H.r.d<f>  =  d.[T  cos  <l>  X  r  sin  <l>]  .         .         .         •       (2) 

■c-  <.•         /   \  -r  (l  —  COS  (f>) 

From  equation  (i)  I  —  wr- — ^ 

sm^^ 

whence  —  H  =  -•Tjt^''  ^^^  ^  ^^  ^1 

T  d<p 

wr^  d  r(i  —  cos<A^    .     ,         ,~I 

= -nX  .   „  ,       sin0.cos(6 

r   d<j>\_      sm^<f>  ^        ^J 

d   Fcos  (i>       cos  2  (i~| 

=  wr.—-.    ^  —  L-        .  .  .  .       (?\ 

d<i>\_sia4>        sin<^J  ^^' 

By  applying  the  rules  for  the  differentiation  of  a  product  and  a  quotient, 
that  is, 

d{uv)  —  u.dv  -j-  v.du 


we  obtain 


"^Uj  ^  ^^''■'^"  ~  "•'^''^ 


or 


_  fj  ^  ^..  f—  sin^(^  —  cos^(f)  _  /—  2  sin2  ^  cos  ^  —  cos'  (f>\l 
~  "^^  sm^<f>  \  ihirj  )j 

[—1  —  2  sin^  (f)Cos<f>  —  cos'  <fn 
sin2^^  J 

[—  I  -f-  2  cos  ^  —  2  cos'  <f>  -f  cos'  (fn 
^^  J 

[—1  —  2  COS  (f>  —  cos'  (f>~] 
sin^^.  J 

L  sin2  0  J 


(4) 
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In  this  form  the  equation  is  indeterminate  when  cf)  —  o  and  it  is  best  written 
H  -  rrJ(^  ~  cos<^)(i  -  cos  (^  -  cos2<^)-| 

L  I   -  C0S2  (^  J 

rr  Fl   —  COS  cb  —-  COS^  d>~\ 

H  =  wr\  ^ L 5) 

|_  I  +  cos  (^  J  ^^' 

Two  critical  points  can  now  be  examined,  namely,  the  crown,  where  (/>  =  o, 

and  the  level  at  which  the  hoop  compression  changes  to  hoop  tension,  that  is, 

where  H  —  o. 

■.r        TT             1                        I  -^  cos  (h  —  cos-  d) 
Now  H  =  o  when T  =  o 

I  +  cos  (f) 

or  when  i  —  cos  (f)  —  cos^  0  =  o 

cos  (f)  =  o-6i8 
.*.  ^  =  51  deg.  48  min. 

In  other  words,  round  the  circle  of  latitude  at  which  the  angle  made  with  the 
axis  of  revolution  is  51  deg.  48  min.  there  is  no  hoop  compression  and  no  hoop 
tension,  and  the  plane  through  this  circle  is  called  the  plane  of  rupture.     Also, 

as  (f)  decreases  the  hoop  compression,  H,  increases  until  it  is  a  maximum,  —  — , 

2 

at  the  crown.     Similarly,  as  (f)  increases  to  angles  greater  than  51  deg.  48  min. 

the  hoop  effect  increases  but  is  of  opposite  sign,  namely,  tension.     On  the  other 

hand  the  mendional  thrust  T,  as  may  be  seen  from  equation  (i),  is  +  —  at 

2 

the  crown  and  increases  to  a  maximum  at  the  support. 

Stresses  Due  to  a  Concentrated  Load  at  the  Crown. 

Having  regard  to  its  common  occurrence,  the  stresses  produced  by  a  point 
load  at  the  crown  must  now  be  considered.  The  calculation  is  independent  of 
the  stresses  due  to  the  weight  of  the  shell,  which  are  computed  as  before  and 
added  to  the  point-load  stresses  to  get  the  resultant  stresses. 

The  thin  spherical  shell  of  radius  r  with  a  point  load  W  at  the  crown  is  shown 
in  section  through  its  axis  of  revolution  in  Fig.  4.  As  before,  consider  an  ele- 
mental annular  zone  ABCD.  Thrusts  T  per  unit  length  tangential  to  the  shell 
act  round  the  circle  of  latitude  AB  and  thrusts  {T  -f  dT)  per  unit  length  tan- 
gential to  the  shell  act  up  lines  of  longitude  round  the  circle  CD.  The  positions 
of  the  circles  AB  and  CD  with  reference  to  the  load  W  are  defined  by  the  angles 
(f)  and  {(f>  -f  d(f))  in  the  figure,  as  before. 

The  sum  of  the  vertical  components  of  the  thrusts  T  is  equal  in  magnitude 
to  the  weight  above  AB,  the  load  W  in  this  case.     Hence 

T  X  27ir  X  sin  (f).  cos  (90°  —  cf))  =  W 
T.27ir.  sin  2  ^  =  TF 

W 

:.   T  — —7  (compression)         .       (6) 

2:ncr  sin^  (f) 

As  described  before,  the  thrusts  T  and  {T  +  dT)  are  unequal,  not  in  this 
case  because  of  the  weight  of  the  elemental  ring  which  is  here  assumed  to  be  zero. 
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but  because  they  act  at  different  radii  from  the  axis  of  revolution  and  each  acts 
at  a  different  angle  to  the  direction  of  W. 
From  equation  (2) 

—  H.r.d<f)  =  d.\T  cos  ^.  r  sin  ip] 
W 


and 

whence 


r  = 


2.Tr  sin^  ^ 


(6) 


or 


H  = j[T.r.  cos  (f)  sin  (f>] 

r  d<p 

W    d  Fcos  (^  sin  <j)~\ 
2ar  d<j\_    sin^  ^     J 
_Wd  Fcos  0"| 
2.'Tr  i^|_sin  ^J 

IF  F—  sin^  (^  —  cos^  ^ 


2vTr[_ 


sin^<^ 


G 


PF 


=  -— [-  I  -  COt2  d,] 

2jir 

W 
H  =  —[I  +  cot2  (f>] 
Zjir 

W 

= cosec^  (f)  (tension) 

27ir 


(7) 


30"-^ 


^dr 


Fig.  4. 


At  any  circle  of  latitude,  therefore,  this  hoop  compression  or  tension  must 
be  added  to  that  due  to  the  weight  of  the  sheU  to  obtain  the  total  circumferential 
force  acting.  At  the  crown,  where  0  is  zero,  this  additional  hoop  tension  becomes 
infinite  so  that  the  lantern  load  must  be  spread  over  an  appreciable  curea  and 
if  necessary  the  dome  must  be  thickened,  reinforced  strongly,  or  both. 

It  is  instructive  to  obser\-e  how  the  coefficients  of  the  hoop  and  meridional 
stresses  due  to  the  thin  spherical  shell  of  uniform  thickness  and  the  constant 
load  W  at  the  crown  vary  as  the  value  of  <^  varies.     Table  I  shows  these  coeflBcients. 


/.   5.   TERRINGTON. 


TABLE   I. 

Thin  Spherical  Shell  of  Uniform  Thickness  with  Load  W  at  Crown  supported  on 

Circle  of  Latitude. 


Shell  of  uniform  thickness 

Load  W  at  crown 

Meridional  thrusts  T. 

Hoop  forces  H. 

Meridional  thrusts  T. 

W 
Coefficients  of  — 

Hoop  forces  H. 

* 

Coefficients  of  wr 

Coefficients  of  wr 

Coefficients  of  — 

(deg.) 

r 

r 

/I  —  cos  <^\ 
V    sin*<t,    ) 

/I  —  cos<t>—  cos*  <|>\ 
\        I  +  cos  </>        / 

I 

—  cosec*  <b 

27r 

2jr  sin*  <j> 

O 

0-5 

-    0-5 

00 

00 

5 

0-500 

—    0-496 

2I-0 

21-0 

ID 

0-505 

—    0-48 

53 

5-3 

20 

0-516 

-    0-425 

1-37 

1-37 

30 

0-537 

-    0-33 

0-64 

0-64 

40 

0-566 

—    0-20 

0-38 

0-38 

50 

o-6o8 

-    0-034 

0-27 

0-27 

51°    48' 

0-618 

0-00 

0-26 

0-26 

60 

0-667 

+    0-167 

0-2I 

0-2I 

70 

0-747 

-|-    0-402 

o-i8 

o-i8 

80 

0-838 

+    0-68 

0"i6 

o-i6 

90 

I -00 

+      I-O 

o-i6 

o-i6 

100 

1-21 

+    1-38 

0-16 

o-i6 

no 

1-52 

+    1-86 

o-i8 

o-i8 

120 

2-00 

+    2-50 

0-2I 

0-2I 

130 

2-79 

+    3-45 

0-27 

0-27 

140 

4-27 

+    5-05 

0-38 

0-38 

150 

7-48 

+    8-33 

0-64 

0-64 

160 

i6-6o 

+  17-5 

1-37 

1-37 

170 

66-00 

+  66-6 

5-3 

5-3 

180 

00 

00 

00 

00 

In  Table  I  and  Fig.  5,  the  coefficients  for  the  uniform  load  and  a  point  load 
at  the  crown  are  given  separately,  but  for  any  example  the  effect  of  both  loadings 
must  be  considered  simultaneously  at  any  level.  Thus  the  level  of  zero  hoop  force 
or  the  joint  of  rupture  will  no  longer  occur  at  the  angle  of  51  deg.  48  min.,  but 
will  depend  also  on  the  relative  magnitude  of  the  unit  weight  w  of  the  shell  and 
the  point  load  W,  and  on  the  radius  ;'.  In  other  words,  to  find  the  value  of  <f> 
at  the  joint  of  rupture  for  the  combined  loading  the  whole  expression  for  H, 

namely,  wr\ +  cosec^  cb    must    be    equated    to    zero. 

|_         I  +  cos  (p         J        27ir 

From  this  it  wiU  be  seen  that  the  greater  W  is  in  proportion  to  w,  depending 
also  on  the  curvature  (-)  of  the  shell,  the  smaller  ^  becomes  for  H  =  0,  and 


the  level  of  the  joint  of  rupture  rises,  with  the  result  that  the  load  at  the  crown 
may  readily  cause  the  whole  of  the  shell  to  be  in  ring  tension. 

For  example,  consider  a  dome  of  radius  r  =  25  ft.  and  of  uniform  weight 
w  =  60  lb.  per  square  foot.  Consider  a  joint  at  which  ^  =  40  deg.  Then  with- 
out any  load  at  the  crown. 


H  =  60  X  2$ 


P 


cos  40    —  cos^  40 

I  +  cos  40° 


1 


300   lb.    (compression)  per   foot 
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TondH  ^        &r. 
(coeff/c/enTb  ofrj 


d£GJ^L55  O  /O   £0  30  40  SO  60  TO  80  90  100  I/O  120  150 140  150 160  770  180 

Fig.  5. 


height  measured  on  any  great -circle  arc  through  the  crown.     Now  if  a  load  of 
25,000  lb.  due  to  a  lantern  or  ornament  is  placed  at  the  top,  the  hoop  tension 

25,000 


induced  at  this  level  is  — .cosec2  40 


X  2-41  =  -f  383  lb.  (tension) 


2.:7r.25  2.71.25 

A  net  tension  of  83  lb.  per  foot  is  therefore  exerted.  Thus  an  area  which  would 
other%vise  be  in  hoop  compression  is  by  reason  of  the  concentrated  load  subjected 
to  hoop  tension. 


Example. 

An  example  of  a  hemispherical  domed  sheU  of  uniform  thickness  of  5  in. 
with  a  radius  of  37  ft.  6  in.  will  be  used  to  illustrate  the  method  of  calculating 
the  stresses  and  reinforcement  required  at  any  point.  The  weights  of  the  shell, 
covering,  and  wind  and  snow  load  may  be  taken  as  60  +  20  +  20  =  100  lb. 
per  square  foot. 


The  meridional  thrust  at  any  point  is  T  = 


(I  —  cos  </)\ 
~  )• 
sin2  0    j 
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The  hoop  compression  or  tension  at  any  point  is 
H 


(i  —  cos  <i  —  COS^  (h) 


(i  +  cos  ^) 

Select  any  three  levels  such  that  0  =  20  deg.,  70  deg.,  and  90  deg.  {Fig.  6), 
and  use  Table  I  to  find  the  coefficients  in  the  expressions  for  T  and  H. 


Fig.  6. 

At  the  level  <f)  =  20  deg.  the  height  above  the  springing  is  (see  also  p.  23) 
37-5  cos  20°  =  37-5  x  0-94  =  35-25  ft. 

(I  —  cos  20°\ 
— ^-^_— _  1  =  100  X  37-5  X  0-516  =  1,930  lb.  per  foot  (compression). 

I  —  cos  20°  —  COS^  20°\ 

,    ,   ^p3^qo 1  -  100  X  37-5  X  0-424 

/  =  1,600  lb.  per  foot  (compression). 
As  the  shell  is  5  in.  thick  the  meridional  stress  is 

1.930 
=  32  lb.  per  square  inch  (compression) 

and  the  circumferential  stress  is 


T 
H 


wr\ 


wr 


1,600 


=  27  lb.  per  square  inch  (compression). 


T  = 


5  X  12 

At  the  level  ^  =  70  deg.  the  height  above  the  springing  is  (see  also  p.  23) 
37-5  cos  70°  =  37-5  X  0-34  =  12-83  ft. 

(I  —  cos  70°\ 
— :-^ — ^- 1  =  100  X  37-5  X  0-747  =  2,800  lb.  per  foot  (compression). 


/i  —  CO 
H  =  wrl  


cos  70    —  cos^  70 


COS  70 


The  meridional  stress  is 


2,800 


100  X  37-5  X  0-402 

1,500  lb.  per  foot  (tension). 


5  X  12 


1,500 


47  lb.  per  square  inch  (compression). 
=  25  lb.  per  square  inch  (tension). 


The  circumferential  stress  is 

5  X  12 

Actually,  of  course,  the  concrete  is  not  considered  to  take  tension,  and 
therefore  at  a  working  stress  of  18,000  lb.  per  square  inch  the  area  of  steel  re- 


quired for  hoop  tension  alone  is 


1,500 
18,000 


=  o-o8  sq.  in.  per  foot. 
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At  the  springing  level  ^  =  90  deg. 

T  =  ufrr  ~  ^°^  ^^   )  =  100  X  37-5  X  i-o  =  3,750  lb.  (compression) 
\    sin^  90°    / 
which  is  also  the  vertical  reaction  per  foot  run  of  circumference  on  the  supports. 

H  =  ^/i-cos90°-cos^90°\  _  .^o  x  37-5  X  i-o  =  3.750  lb.  (tension). 
\^  I  +  cos  90  / 

The  meridional  stress  is  ^iZ^  =  62-5  lb.  per  square  inch  (compression). 

5  X  12 

The  circiunferential  stress  is  also  625  lb.  per  square  inch  (tension). 

To  resist  the  latter  tensile  stress  the  reinforcement  required  is     '  '^     =  0-208 

10,000 

sq.  in.  per  foot. 

The  whole  of  the  surface  area  requires  reinforcement  in  both  directions  to 
resist  temperature  and  shrinkage  stresses  in  addition  to  the  steel  required  over 
those  areas  where  hoop  tension  is  developed.  For  this,  about  0-2  per  cent,  of 
the  cross-sectional  area  should  be  added,  which  in  this  example  amoimts  to 

0-2  •  r       ^ 

X  5  X  12  =  0-12  sq.  m.  per  foot. 

100 

At  the  springing,  therefore,  where  the  greatest  hoop  tension  is  exerted,  the 
circumferential  steel  necessary  is  0-208  -p  0-12  =  0-328  sq.  in.  per  foot,  and 
f-in.  bars  at  4-in.  centres  providing  0-33  sq.  in.  would  be  suitable.  At  right 
angles  to  these  down  the  lines  of  longitude  only  temperature  and  shrinkage  steel 
need  be  pro\'ided,  that  is,  0-12  sq.  in.  per  foot,  and  for  this  |-in.  bars  at  9-in. 
centres  are  sufi&cient. 

The  horizontal  steel  along  the  lines  of  latitude  around  the  dome  may  be 
reduced  sUghtly  towards  the  crown  as  the  calculations  show,  particularly  over 
the  zone  of  hoop  compression,  but  a  minimum  of  f-in.  bars  at  9-in.  centres  in 
both  directions  should  be  placed  at  any  point  to  allow  for  wind,  temperature, 
and  shrinkage  variations. 

It  is  as  well  now  to  see  how  the  stresses  are  affected  by  a  load  at  the  crown. 
Where  this  load  is  caused  by  a  lantern,  a  circular  portion  of  the  dome  from 
5  ft.  to  20  ft.  in  diameter  may  be  required  to  remain  open,  but  as  has  been  ex- 
plained the  stabihty  of  the  whole  structure  is  not  impaired.  Let  the  weight 
of  the  lantern  less  the  self  weight  of  the  shell  over  an  area  10  ft.  in  diameter  be 
20,000  lb.     At  the  periphery  of  the  lantern  the  angle  made  with  the  vertical  axis 

is  -^  X  =  7  deg.  38  min.     Aroimd  this  periphery  the  meridional  thrust 

37-5         ^ 

T  ^^  20,000  o         iu  r      X 

T  =  — —  =  .   n    ^    ^.  ===  4,800  lb.  per  foot. 

2.-Tr  sm^  (f>       271  X  37-5  X  sm^  7°  38 

This  is  also  the  value  of  the  circumferential  tension  due  to  this  weight  at 

this  level  and  each  causes  a  stress  of   — =  80  lb.  per  square  inch. 

5  X  12 

Both  these  stresses  are  comparatively  high  for  a  dome  and  indicate  that  at 

13 
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this  point  the  shell  should  be  thickened  and  specially  reinforced  to  spread  the 
load  over  a  larger  area. 

At  the  other  levels,  where  ^  =  20  deg.,  70  deg.,  and  90  deg.,  the  stresses 
due  to  this  load  are  as  follows  : 

Where  (^  =  20  deg. 

_         W         _  20,000  _  20,000 

27i-r.  sin^  ^       27r  X  37-5  X  sin^  20°       2  X  tt  X  37-5  X  0-342 

=  247  lb.  per  foot  (compression), 

W 

H  = =  247  lb.  per  foot  (tension). 

27ir  sin  2  <p 

Therefore  the  total  meridional  thrust  due  to  self  weight,  superload,  and 
lantern  is  1,930  +  247  =  2,177  lb.  per  foot,  giving  an  intensity  of  compression 

of  — '         =36  lb.  per  square  inch. 

The  total  hoop  thrust  is  1,550  —  247  =  1,303  lb.  per  foot,  giving  an  intensity 

of  compression  of  =  22  lb.  per  square  inch. 

5  X  12 


r  = 


Where  ^  =  70  deg., 

W  20,000  20,000 


2nr  sin^  ^       2:t;  X  37-5  X  sin^  70°       27r  X  37-5  X  0-884 

=  96  lb.  per  foot  (compression), 

W 

H  = =  96  lb.  per  foot  (tension), 

2Tir  sin^  <p 

and  so  the  total  meridional  thrust  at  this  level  is  2,800  +  96  =  2,896  lb.  per 

foot,  giving  an  intensity  of  compression  of      '    —  =  49  lb.  per  square  inch. 

5  X  12 

The  total  hoop  tension  is  1,500  +  96  =  1,596  lb.  per  foot,  which  requires 

^^     +  0-12  (for  temperature,  etc.)  =  0-21  sq.  in.  of  reinforcement  per  foot. 
18,000 

Where  <^  =  90  deg.  (at  the  springing) 

W  20,000  20,000 


T  = 


2nr  sin^  0       27r  x  37-5  sin^  90°       2n  X  37-5  X  i 

—  85  lb.  per  foot  (compression), 

W 

H  = =  85  lb.  per  foot  (tension). 

27ir  sin  2  (p 

Therefore  the  total  meridional  thrust  at  this  level  is  3,750  +  85  =  3,835  lb. 
per  foot,  giving  an  intensity  of  compression  of  —  =  64  lb.  per  square  inch. 

The  total  hoop  tension  is  3,750  +  85  =  3,835  lb.  per  foot,  which  requires 

,_£!_££  -|-  0-12  (for  temperature,  etc.)  =  0-33  sq.  in.  of  steel  per  foot. 
18,000 

In  this  example  the  level  of  the  joint  of  rupture  is  such  that  (f)  has  the  follow- 
ing value  : 

14 
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I  +  cos  <f>  2Jir 


100  X  37-5 


(l  —  cos  <f>  —  COS^  (f))     ,         20,000 


I  +  COS  </.  2Ji  X  37-5     (sin2  (f>) 


=  o 


(i  —  cos  ^  —  cos^  </))    ,    o  I 

o  7Co^ L. II  -4-  8'^ :-  =  0 

■^''^  (I  +  cos  <f>)  (I  -  cos  </.)(!  +  COS  </.) 

3,750(1  —  COS  ^  —  cos^  ^)(i  —  COS  ^)  +  85  =  O 

1-2  cos  (f>  +  COS^  (f)  +  0-0226  =  O 

COS  <f)  —  0-65 
/.  ^  =  49  deg.  30  min. 

Thus  the  load  from  the  lantern  has  raised  the  level  of  the  joint  of  rapture 
from  37-5  X  cos  51°  48'  =  37-5  X  o-6i8  =  23-2  ft.  above  the  springing,  as  it 
would  be  without  this  load,  to  a  level  of  37-5  X  cos  49°  30'  =  37-5  X  0-65  =  24-4 
ft.  above  the  springing. 

The  results  obtained  in  this  example  may  therefore  be  summarised  as  foUows. 
Where  there  is  hoop  thrust  the  point  load  at  the  crown  reduces  the  compressive 
stress,  and  where  there  is  hoop  tension  the  tensile  stress  is  increased.  Further, 
if  the  crown  load  is  su£&ciently  heavy,  circumferential  tension  may  exist  at  aU 
levels.  When  the  dome  is  hemispherical,  the  meridional  force,  and  hence  the 
support  reactions,  is  vertical  and  no  inclined  reaction  around  the  edge  is  required 
to  maintain  equihbrium.  The  circumferential  tension,  wherever  it  occurs,  is 
absorbed  by  the  reinforcement  which  has  been  designed  to  resist  it. 
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THIN    SPHERICAL    DOMES    OF    VARYING    THICKNESS. 

Since  the  meridional  thrust  governs  the  thickness  of  the  shell,  the  thickness 
may  be  graded  from  a  minimum  at  the  crown  to  a  maximum  at  the  supports 
to  secure  economy  in  large  domes. 

In  Fig.  y  a  section  is  shown  through  the  centre  of  a  spherical  dome  of  weight 
w  per  unit  area  at  the  crown  increasing  by  w'  per  unit  area  per  unit  of  the  angle 
(f).  Ignoring  for  the  moment  any  load  at  the  crown,  the  effect  of  which  may  be 
calculated  on  the  lines  illustrated  in  the  foregoing  example,  the  object  is  to  obtain 
expressions  giving  the  values  of  the  meridional  thrust  T  and  the  hoop  force  H 
at  any  level  at  which  the  circumference  of  the  circle  of  latitude  makes  an  angle  0 
with  the  vertical  axis,  taking  into  account  the  fact  that  the  thickness  of  the 
shell  varies. 


^^^^-^ 

"^K^^ 

A^ 

?>\  R 

j^y 

-5$///      >T 

\ 

Fig.  7. 


As  before  the  equilibrium  of  an  elemental  ring  A  BCD  must  be  considered 
and  for  this  the  weight  of  the  dome  above  the  circle  AB  must  first  be  obtained. 
If  abed  is  an  elemental  ring  of  this  portion,  its  weight  is  {w  +  w'd)2nr  sin  d.rdd 
and  the  weight  of  the  portion  of  the  dome  above  AB  is 

{w  -\-  w'Q)27ir^  sin  d.dQ 


r 

J  ( 

=  27ir^      [w  sin  Q  +  w'B  sin  d)dd 
J  0 

=  2nrA  —  w  cos  d  -\-  w'  sin  6  —  w'  6  cos  0 


=  27ir%—  w  cos  (f)  ^  w'  sm^  —  w'cf)  cos  ^  +  '^l 
=  27tr%w{i  —  cos  (f))  +  «^'(sin  ^  —  ^  cos  ^)] 

As  described  for  the  dome  of  uniform  thickness,  a  series  of  thrusts  T  per 
unit  length  acts  tangentially  to  the  surface  round  the  circumference  AB,  and 
in  a  similar  fashion  thrusts  {T  +  dT)  act  round  the  circumference  CD  but  in  the 
opposite  sense.     Also  the  sum  of  the  vertical  components  of  all  the  thrusts  T 

i6 
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per  unit  length  acting  around  the  circumference  of  the  circle  AB  is  equal  in 
magnitude  to  the  weight  of  the  portion  of  the  dome  above 

.*.   Tzn:r  sin^  (f>  —  2jtr^iw{i  —  cos  (f>)  -f  j£''(sin  <f>  —  <f>  cos  (f>)] 


or  7  = 


sin^^ 


[w{i  —  cos  (f>)  +  ^'{sin  (f>  —  4>  cos  <}>)] 


(8) 


a 

7- 
6- 
5 

4- 
3 
2 
7- 
0 
-/ 

\ 

1 

1      '      1      1      1 
H (coefficients  of  uj'r. 

) 

T(coefficienhs  c 
H  (coefficients 

fcu'r) 

of  cor) 

T(coefficfen/'s  of  u/rj    J 

h 

1 

/ 

II 

/ 

<l, 

) 

J 

'a 

'/ 

^ 

^ 

V 

^ 

^ 

^ 

, 

— 

=" 

-^ 

— ■ 

^ 

— 

DtG£fE5  O    10   ^  30  AO  30   60    10   60  30    100  110  IZO  130  I40  /JO  160  J70  180 

Fig.  8. 

From  equation  (2) 
—  Hrd^  =  d'T  cos  <f)  x  r  sin  <^] 

—  H  =—  —^T  cos (f>  sin <f>] 


d 
r  — 


sin0coS(/>  ,  sin  <i  cos  (A,  .     ,         ,  .T 

■w  — r — _:(i  —  cos 0)  +  w  --£—--L{sm  (ft  —  (f>  cos  (fy) 


d(f)\_        sin^  (f> 

d 

=  r  — 

d(f> 


/cos  <f)       cos^  <f> 


)[_    \sin  (f>        sincj) 
:— cos  ^— cos^  (f> 


[I— cos^— cos^^n 
I— COS0  J 


sin^^ 


L  ^     I  im^^;  iJ 
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[I— cos  (i— cos^  dT] 
-, — 
l-{-COS<f)  J 

,r       .     ,     Jsin  ^  cos2</)— <^2  sin- ^  cos(/>— ^  cos^^  cos^l"! 

l'''  '^[  ^^  J  J 

[I— cos<^— cos^^n        ,  I"— sin^^— sin<^cos2<^+^cos^(2sin2(^-|-cos2^)~l 
i-\-cos(f)        J  |_  sin^i^  J 

[I— cos^— cos^^n        ,  F— sin  (^(sin2(^-f  cos^  <^)+(/)  cos  ^(i  +  sin2^)~| 
I+COS0        J  [_  sin^^  J 

_      ^,^r^-cos  <^-cos2  cf>-]  ^^,,^r+sin  <f>-<f>  cos  (f>{i+sm^  cf>)-] 
|_        I+COS0        J  [_  sin^^  J 


or 


I+COS0        J  |_  sin^^ 

—  COS  (f)  —  cos^  (f)~\    I   ^  ,  Fsin  (f>  —  <f)  cos  (/)(i  +  sin^  ^) 


Fi  —  cos  6  —  cos^  <^~l    ,      ,  Fs 

//  =  wr\  ^— — ; +  ^^    - 

L         I  +  cos  (^         J  L 


] 


I    .    --  ■  I  .     ■     (9) 

+  cos  ^         J  L  sin^  (/> 

The  coefficients  of  wr  and  m'V  may  be  obtained  from  the  expressions  (8) 
and  (9)  for  all  values  of  (f>  and  are  given  in  Table  II.  From  these  the  meridional 
thrust  and  the  hoop  compression  or  tension  may  be  calculated  at  any  level. 

TABLE    II. 

Spherical  Shell  of  Thickness  varying  uniformly  from  Crown  to  Springing  supported 

AROUND  A  Circle  of  Latitude 

w  =  wt.  per  unit  area  at  crown,     w'  =  increase  in  w  per  radian  as  angle  <^  increases. 


Meridional  thrust  (T) 

Hoop  force  (//) 

</> 

Coefficients  of  wr 

Coefficients  of  w'r 

Coefficients  of  wr 

Coefficients  of  w'r 

(deg.) 

I  —  cos  <^ 
sin*  0 

sin  1^  —  0  cos  if) 
sin*  </> 

I  —  cos  <t>  —  cos*  ^ 

sin  </)  —  <|)  cos  i^{i  +  sin*  (f>) 

I  +  cos  ^ 

sin*  <j> 

0 

0-5 

0 

-     0-5 

—        0 

5 

0-50 

0 

—     0-496 

—          O-II 

10 

0-505 

0-055 

—     0-48 

-       0-I3 

20 

0-516 

O-IO 

-     0-425 

—       0-25 

30 

0-537 

0-188 

-    0-33 

—       0-26 

40 

0-566 

0-25 

—    0-20 

—       0-30 

50 

0-608 

0-35 

-    0-034 

—          0-2I 

60 

0-667 

0-455 

+    0-167 

—         0-07 

70 

0-747 

0-59 

4-    0-402 

+         0-17 

80 

0-838 

0-765 

+    0-68 

+         0-53 

90 

I-O 

I -00 

+     i-o 

+          1-0 

100 

I-2I 

1-325 

+     1-38 

+          1-62 

no 

1-52 

I-8I 

+     1-86 

+          2-47 

120 

2-0 

2-55 

+    2-50 

+         3-60 

130 

2-79 

3-78 

+    3-45 

+         5-25 

140 

4-27 

6-05 

+    5-05 

+         8-00 

150 

7-48 

1 1 -08 

+    8-33 

+       13-4 

160 

i6-6o 

25-30 

+  17-5 

+       27-9 

170 

66-00 

102-5 

+  66-6 

+    105-5 

180 

00 

QO 

00 

+          CO 

For  a  shell  of  varying  thickness  the  joint  of  rupture  will  not  necessarily  be 
at  a  level  such  that  ^  =  51  deg.  48  min.,  but  will  depend  on  the  relative  magni- 
tude of  w  and  w'.     For  usual  variations  in  thickness  the  stresses  in  the  shell  are 
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not  altered  very  much,  as  may  be  seen  from  the  example  given  later.  Also  the 
additional  meridional  thrust  {T)  and  hoop  tension  (H)  due  to  a  load  at  the  crown 
will  be  the  same  as  for  a  shell  of  uniform  thickness,  the  only  difference  being 
that  the  available  area  of  concrete  in  section  will  be  changed  and  hence  the 
compressive  stresses  induced. 

These  results  are  plotted  in  Fig.  8,  enabling  values  between  the  angles 
actually  calculated  to  be  interpolated. 

Example. 

Consider  the  hemispherical  domed  shell  of  radius  37  ft.  6  in.  as  in  the  pre- 
vious example,  but  of  thickness  varying  from  3  in.  at  the  crown  to  6  in.  at  the 
supports.  The  weight  of  shell  and  superload  at  the  crown  is  36  +  40  =  76  lb. 
per  square  foot  and  at  the  support  72  +  40  =  112  lb.  per  square  foot.     Therefore 


ui 


76  lb.  and  w'  — 


112 


76 


=  22-9  lb.  per  radian. 


For  the  values  of  ^  =  20  deg.,  70  deg.,  and  90  deg.  the  magnitude  of  the 
meridional  thrust  and  hoop  force  may  be  evaluated  from  the  coefficients  given 
in  Table  II. 


rob.) 


70 


90 


[(i  —  cos  4>)  ,   _.(sin  ♦  —  <fr  cos  < 
W ■    ,    ,        4-  W  r-j-j 
sin'  9                         sin'  <p 


I  37-5C76  X  0-516  4-  22-9  x  o-io] 
j  =  1,560  (compression) 

37-5[76  X  0-747  +  22-9  x  0-59] 
I  =  2,640  (compression) 

j  37'5[76  X  i-o  +  22-9  X  i-o] 

=  3,710  (compression) 


H  (lb.) 


[I  —  cos  <fr  —  COS*  4>' 
I  4-  cos  <^ 


]  -  trVp 


<fr  —  «^  cos  <f>(i  +  sin*  <fr)l 
sin*  (^  J 


76  X  37-5  X  (-  0-425)  +  22-9  X  37-5  X  ( — 25) 

=  1,425  (compression) 

76  X  37-5  X  (+  0-402)  +  22-9  X  37-5  X  (  +  -17) 

=  1,300  (tension) 
76  X  37-5  X  (+  I-o)  +  22-9  X  37-5  X  (+i-o) 

=  3,710  (tension) 


At  (f>  =  20  deg.  the  thickness  of  the  shell  is  3  -f  3  X  |-§^  =  3-67  in. 


The  meridional  compressive  stress  is 


The  hoop  compressive  stress  is 
f)  —  yo  deg.  the  thickness  of  the 
The  meridional  compressive  stress  is 


1,560 
3-67  X  12 

1425 


=  35  4  lb.  per  square  inch. 
=  32  3  lb.  per  square  inch. 


3-67  X  12 
At  ^  =  70  deg.  the  thickness  of  the  shell  is3  +  3X|-|  =  5-34in 

2,640 


5-34  X  12 


41-2  lb.  per  square  inch- 


The  hoop  tension  requires  — p —  -p x  5-34  X  12  =  0-20  sq.  in.  of  steel 

18,000       100 

per  foot,  or,  say,  |-in.  bars  at  6-in.  centres  (0-22  sq.  in.  per  foot). 
At  ^  =  90  deg.  the  thickness  of  the  shell  is  6  in. 

The  meridional  compressive  stress  is  ^^ =  51-5  lb.  per  square  inch. 
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The  hoop  tension  requires  -^ \- . —  x6xi2  =  o-3'5  sq.  in.  of  steel 

^  ^  18,000       100  ^ 

per  foot,  or,  say,  ^-in.  bars  at  6-in.  centres  (0-393  sq.  in.  per  foot). 

Graphical  Methods. 

The  results  of  the  previous  analyses  may  be  arrived  at  by  the  following 
graphical  construction. 

Consider  a  hemispherical  dome  5  in.  thick  and  let  the  radius  be  27  ft.  6  in. 
as  before.  As  shown  in  the  first  example  the  weight  of  the  shell  above  any 
level  is  proportional  to  its  height  and  therefore  the  weight  of  any  annular  zone 
ABCD  is  also  proportional  to  its  height.  Draw  the  dome  to  scale  and  divide 
the  height  into  a  convenient  number  of  equal  parts  (the  larger  the  number  the 
more  accurate  the  results),  and  draw  horizontal  lines  through  the  "  joints." 
The  weight  of  each  zone  or  part  of  the  shell  between  two  adjacent  horizontal 


Fig.  9. 


lines  is  equal  to  the  total  weight  of  the  shell,  superload,  and  finishes  divided  by 
the  number  of  zones.  Draw  a  vertical  line  oy  representing  to  scale  the  total 
estimated  load,  and  divide  this  line  into  the  same  number  of  equal  parts  as  there 
are  zones  to  obtain  the  weight  of  each  zone. 

Considering  the  joint  A  {Fig.  9),  draw  oa  parallel  to  the  tangent  to  the  shell 
at  A,  and  draw  pa  horizontally  cutting  oa  in  a.  Then  oap  is  the  triangle  of 
forces  for  the  joint  A,  op  representing  the  weight  of  the  portion  of  the  dome 
above  A,  oa  the  magnitude  of  the  total  meridional  thrust  round  the  joint  A, 
and  ap  the  horizontal  force  causing  hoop  compression. 

For  the  joint  B,  draw  ob  parallel  to  the  tangent  to  the  shell  at  B  and  draw 
qb  horizontally  cutting  ob  in  b.  From  a  draw  ab'  perpendicular  to  bq.  Then 
oq  is  the  weight  of  the  dome  above  B,  ob  is  the  magnitude  of  the  total  meridional 
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thrust  round  the  joint  B,  and  {bq-ap)  =  bb'  is  the  horizontal  force  causing  hoop 
compression. 

For  the  joint  C,  draw  oc  parallel  to  the  tangent  to  the  shell  at  C  and  draw  re 
horizontally,  cutting  oc  in  c.  Draw  the  perpendicular  be'.  Then  or  is  the  weight 
of  the  dome  above  C,  oc  is  the  magnitude  of  the  total  meridional  thrust  round 
the  joint  C,  and  {cr  —  bq)  =  cc'  is  the  horizontal  force  causing  hoop  compression. 

Lower  down  at  a  joint  G,  by  the  same  construction,  eg  gives  the  magnitude 
of   the  meridional  thrust    T,   ov   is  the   weight   of  the   dome   above   G,   and 


lension  bars 


folloooinQ    c/rc/es 
of  lahtude. 

Fig. 


Farce  D'lOQram 


10. 


{go  —  hw)  =  gg'  is  the  horizontal  force  which  is  now  in  the  opposite  direction 
and,  in  consequence,  indicates  hoop  tension. 

The  intercepts  ap,  bb',  cc',  etc.,*.  .  .  gg',  etc.,  .  .  .  show  the  variation  in 
magnitude  of  the  hoop  forces  from  compression  above  the  level  ^  =  51  deg.  48  min. 
to  tension  below  the  plane  indicated  by  this  angle  ;  these  are  proportional  to 
the  hoop  forces,  so  that  for  any  zone  GH,  the  mean  intercept  A'  is  a  measiu-e  of 
the  hoop  tension  in  this  zone.  The  exact  values  of  the  circumferential  stresses 
are  obtained  from  the  values  of  ap,  bb',  cc',  .  .  .  gg',  .  .  .  etc.,  which  are  scaled 
off  the  stress  diagram.     Any  of  these  intercepts  represents  the  horizontal  radial 


2X 
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force  distributed  round  the  circumference.     The  radial  force  per  unit  of  circum- 
ference  is  therefore where  r^y,  is  the  horizontal  radius  of  the  zone  considered. 


2nr, 


'oh 


Oh 


As  in  cylindrical  tanks,  this  radial  force  produces  a  hoop  tension  or  compression 

X  X 

X  Tg^  =  —  in  the  circumferential  ring  GH.     If  this  force  is  a  tension,  as 


27irgy^  2.TL 

is  actually  the  case  for  the  zone  GH,  steel  is  required  to  resist  it,  and  is  provided 
at  a  definite  spacing  centre  to  centre  and  spread  uniformly  over  the  length  s, 
the  bars  following  circles  of  latitude  round  the  shell  {Fig.  lo).  Further  up  the 
shell  where  this  force  is  a  compression,  the  cross  section  s  X  ^  must  be  sulficiently 
large  so  that  the  allowable  working  compressive  stress  of  the  material  is  not 
exceeded.  In  the  same  way  the  meridional  thrust  T — also  scaled  off  the  diagram 
— must  be  divided  by  ^.-KY^y^  to  obtain  the  force  per  unit  length  of  circumference. 
This  force  in  turn  must  be  divided  by  the  thickness  to  obtain  the  meridional 
compressive  stress. 


22 


DESIGN  OF  DOMES. 


GRAPHICAL    CHECK    OF    FIRST    EXAMPLE. 

As  a  direct  comparison  with  the  first  example  this  method,  or  rather  the 
principles  outhned  in  it,  may  be  used  to  check  the  results  previously  obtained. 
The  radius  of  the  hemispherical  dome  is  37  ft.  6  in.  and  the  thickness  is  5  in. 
The  weight  of  the  shell  together  with  its  covering  and  superload  is  100  lb.  per 
square  foot.  The  total  weight  of  the  dome  is  100  x  2jr  x  37-5^  =  885,000  lb. 
If  the  shell  is  di\aded  into  ten  zones,  each  weighs  88,500  lb.  Draw  the  dome  to 
scale  and  draw  the  horizontal  joints  at  ^  =  20  deg.,  70  deg.  and  90  deg.  The 
lengths  of  the  radii  are  37-5  x  sin  20°  =  12-83  ^t.  ;  37-5  x  sin  70°  =  35-2  ft.  ; 
^iid  37"5  X  sin  90°  =  37-5  ft.,  and  the  heights  above  the  springing  aie 
37-5  X  cos  20°  —  35-2  ft.  ;    37-5  X  cos  70°  =  12-83  ft.,  and  o  (see  p.  12.) 

With  these  loads  draw  the  force  diagram  as  in  Fig.  11.     On  this  force  diagram 

3^-2          12-83 
draw  horizontal  lines  at  heights  proportional  to  — —  and of  the  total  weight. 

37-5  37-5 

From  the  origin  at  the  top  draw  diagonal  lines  to  the  points  of  intersection  of 

these  horizontal  lines  and  the  outer  locus  lines.     The  lengths  of  these  diagonal 

lines  give  the  values  of  the  total  meridional  thrust.     At  ^  =  20  deg.  this  scales 

160,000  lb.,  and  at  70  deg.  it  scales  630,000  lb.     The  horizontal  radii  are  12-83  ft- 

and    35-2    ft.    respectively.     The    meridional    thrusts    per    foot    are    therefore 

160,000  ,,  ,     630,000  _      ,,       -,-,  ,.    ,,    ^,  .    , 

=  2,000  lb.  and  — =  2,800  lb.     WTiere  applicable  this  force 


271  X  12-83  2-t:  X  35-2 

diagram  may  be  used  to  obtain  the  hoop  forces. 

Actually  the  diagram  cannot  be  read  directly  for  ^  =  20  deg.,  but  may  be 
so  read  for  cf)  —  yo  deg.     Thus  the  intercept  at  the  latter  angle  scales  38,000  lb. 

acting  on  an  arc  4-0  ft.  high,  giving  H  =  — =  1,520  lb.     By  drawing  the 

271x4 
force  diagrams  for  the  upper  and  lower  levels  of  a  ring  1234,  say,  3-75  ft.  high, 
symmetrically  spaced  about  the  ordinate  for  ^  =  20  deg.  the  hoop  compression 
may  be  scaled  off.     This  simply  amounts  to  drawing  the  force  diagram  to  a 
larger  scale  near  the  top.  The  height  of  the  dome  above  the  ring  now  chosen  is 

37-5  —  (35-2  +  —  )  =  0-425  ft.  and  its  weight  is  ^^  x  885,000  =  10,000  lb. 
\  2  /  37.5 

The  angle  which  the  meridional  thrust  makes  with  the  horizontal  at  this 

level  is  cos"^ —  =  9  deg.     At  the  lower  side  of  this  ring  the  vertical  load  is 

37-5  ^ 

10,000  +  88,500  =  98,500  lb.,  and  the  angle  which  the  meridional  thrust  makes 

with  the  horizontal  is  cos"^*^-^-^  -^  =  27   deg.   20  min.     The  total  horizontal 

37'5 
force  at  the  higher  level  is  10,000  cot  9°  =  10,000  x  6-314  =  63,140  lb.  ;    at  the 
lower  level  it  is  98,500  cot   27  deg.  20  min.  =  98,500  X  1-935  =  190,000  lb. 
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The  total  net  horizontal  force  is  therefore  190,000  —  63,140  =  126,860  lb.     The 

(27°  20'  —  q'^  o'\  ,. 
g-^ \^  X  37-5  =  12   tt. 

Therefore    H  =  '''^  =  1,650    lb.     The   force   triangles   are   shown    in 

2JT  X  12 

Fig.  12. 

All  these  residts  agree  with  those  arrived  at  from  purely  analytical  con- 
siderations in  the  first  example. 

The  solution  of  a  hemispherical  shell  (or  a  shell  of  any  other  shape)  of  any 


190,000 

Fig.  12. 


thickness,  uniform  or  varying,  or  any  portion  of  a  shell  when,  for  example,  the 
height  is  not  equal  to  the  radius  may  be  attained  on  the  hnes  of  the  preceding 
example.  The  estimated  weights,  first  the  load  at  the  crown,  if  any,  then  the 
weight  of  each  successive  ring  forming  the  shell,  are  set  down  to  scale  on  a  vertical 
line.  From  the  top  of  this  vertical  line,  radial  lines  are  drawn  parallel  to  the 
tangent  to  the  domed  shell  at  each  joint.  The  remainder  of  the  construction 
cind  the  use  of  the  scaled  thrusts  and  intercepts  are  as  before. 

Graphical  Check  of  Second  Example. 

The  second  example,  in  which  the  thickness  of  the  shell  varies,  may  be 
checked  as  foUows.  At  each  level  where  <^  is  o  deg.,  10  deg.,  20  deg.,  etc.,  the 
weight  of  the  shell  above  is  27ir^'^w{-L  —  cos  <f>)  +  w'[sm.  (/>  —  <f>  cos  </>)].  The  suc- 
cessive weights  of  the  dome  above  the  joint  considered  are  contained  in  Table  III. 

In  Fig.  13  these  weights  are  set  down  to  scale,  and  from  the  pole  at  the  top 
radial  lines  at  10  deg.,  20  deg.,  30  deg.,  etc.,  are  drawn  cutting  the  horizontals 
through  the  load  points.  By  dropping  perpendiculars  from  these  intersections 
on  the  outer  locus  (the  ends  of  the  thrust  lines)  the  inner  locus  gi^nng  the  magni- 
tude of  the  horizontal  forces  causing  hoop  tension  or  compression  is  obtained. 
At  the  levels,  chosen  as  before  at  random,  at  which  (f>  —  20  deg.,  70  deg.,  and 
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TABLE   III. 


Level  of  joint 

Weight  of  dome  above  each  joint 

lb. 

(<.deg.) 

=  2»r»[w 

(I  —  cos  ^)  +  or  (sin  ^  — 

* 

:os«)J 

lO                                    2 

w  X  37-5' 

[76    X    0-015  +  22-9 

X 

0    ]  = 

10,050 

20 

„     o-o6    + 

0-014]  = 

43,200 

30 

:    „     0-I34  + 

0-047]  = 

100,000 

40 

:  „  0234  + 

0-103]  = 

178,000 

50 

:    ..     0-357  + 

0-206]  = 

281,000 

60 

:  ..  0-5    +    „ 

0-341]  = 

405,000 

70 

..    0-657  + 

0-52  ]  = 

546,000 

80 

"   „    0-826  + 

0-74  ]  = 

705,000 

90 

[     „       i-o       +         .. 

i-o     ]  = 

875,000 

90  deg.,  the  scaled  values  of  the  total  meridional  thrusts  (lb.)  and  the  total  hori- 
zontal forces  (lb.)  causing  hoop  stresses  are  : 


20  deg. 
70  deg. 
90  deg. 


Total  thrust. 
126,500 
580,000 
875,000 


Total  horizontal  force 
over  lo-deg.  arc. 
58,500 
54,000 
152,000 


The  horizontal  radii  at  these  levels  are  : 
37-5  sin  20"  =  12-83  ft.  ;    37-5  sin  70°  =  35-25  ft.  ;    and  37-5  sin  90°  =  37-5  ft. 
At    all    levels    the    length    of    arc    over    which    the    hoop    force    acts    is 

37-5  X  ^g^  X  rr  =  6-55  ft. 
At  the  level  tf) 


20  deg.  T 


126,500 

2Jr  X   12-1 


—  1,570  lb.  per  foot  (compression) 


H  = 


At  the  level  ^  =  70  deg.  T  = 


H  = 


At  the  level  <f>  —  go  deg.  T 


H  = 


)8,5oo 

2-T  X  6-55 

580,000 

2Jl  X  35-2 

54>ooQ 
2rr  X  6-55 

875,000 

2-T  X  37-5 
152,000 


1,420  lb.  per  foot  (compression) 


=  2,630  lb.  per  foot  (compression) 


1,310  lb.  per  foot  (tension) 


=  3,720  lb.  per  foot  (compression) 


=  3,720  lb.  per  foot  (tension) 


2n:  X  6-55 

These  results  are  practically  identical  with  those  obtained  analytically. 

From  the  force  diagram  in  Fig.  9  it  will  be  seen  that  the  total  horizontal 
thrust  causing  hoop  compression  is  represented  by  the  large  ordinate  at  the  joint 
of  rupture  and  is  equal  to  the  sum  of  the  separate  intercepts  ap,  hh' ,  cc',  etc.,  down 
to  this  joint.  This  ordinate  also  gives  the  total  hoop  tension  for  a  hemispherical 
shell,  and  in  the  same  way  the  intercepts  below  the  joint  of  rupture  are  a  measure 
of  the  horizontal  force  causing  the  hoop  tension  at  the  various  levels,  the  siun 
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of  which  amounts  to  the  aggregate  hoop  tension  force.  If  the  height  of  the  dome 
is  less  than  the  radius  this  total  hoop  tension  is  not  taken  up  completely  at  the 
various  levels  below  the  joint  of  rupture,  with  the  result  that  the  intercept  at 
the  springing  level  is  represented  by  the  total  ordinate.  Thus  in  Fig.  9,  if  the 
dome  is  only  seven  zones  high,  that  is,  h  —  y^r,  then  the  intercepts  for  the  two 
lowest  joints  F  and  G  are  ff  and  gv  and  the  hoop  tension  which  (in  a  hemi- 
spherical dome)  would  have  been  taken  up  gradually  from  G  to  K  has  to  be 
absorbed  completely  at  the  level  G  and  the  hoop  force  at  this  level  is  gv.  Hence 
a  strong  band  of  reinforcement,  determined  by  the  magnitude  of  the  ordinate 
gv,  is  necessary  at  the  bottom  of  this  shallow  dome  in  contrast  with  the  hemi- 
spherical dome  in  which  the  hoop  tension  to  be  provided  for  varies  more  gradually 
down  to  the  springing  level. 

Flat  Domed  Roofs. 

This  problem  of  fiat  domes  has  frequently  to  be  considered  in  the  construction 
of  roofs  and  floors  of  water  towers  which  are  often  constructed  as  flat  domes. 
Here  the  height  is  so  small  that  there  is  no  hoop  tension  in  the  dome,  and  the 
hoop  thrust  must  be  absorbed  in  ring  tension  by  a  band  of  reinforcement  which, 
for  a  roof,  can  be  accommodated  in  a  continuous  cornice  around  the  periphery 


Fig.   14. 

at  the  top  of  the  tank.     The  calculation  of  the  cross-sectional  area  of  this  band 

of  reinforcement  is  simple. 

Let  W  =  the  weight  of  the  shell  and  the  load  above  it,  which  for  a  roof  is  a 

nominal  superload  and  for  a  floor  is  the  weight  of  the  water  above.     Fig.  14 

shows  a  section  through  the  dome,  the  ring  beam  supporting  the  latter  being  2r 

in  diameter.     At  this  level  the  shell   makes   an    angle  a   with   the   horizontal. 

W  W 

Then is  the  total  meridional  thrust  and  - — .cos  a  is  the  total  radial  thrust. 

sin  a  sm  a 

T^  cot  (X 
This  total  radial  thrust  has  a  magnitude  of  per  unit  of  circumference 

27ir 

W  cot  (X               W  cot  oc 
and  induces  a  circumferential  tension  X  r  =  in  the  ring  beam. 
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This  force  has  to  be  resisted  by  ring  steel  working  at  the  usual  stress  of  16,000 
or  18,000  lb.  per  square  inch,  ample  laps  and  hooks  being  provided  as  the  working 
stress  is  constant  at  any  section  of  the  circumference. 

Application  to  Piled  Foundations. 

Another  application  of  the  theory  of  the  dome  which  has  the  advantage  of 
economy  in  reinforcement  is  in  the  design  of  circular  piled  foundations.  In  a 
circular  piled  base,  as  in  a  chimney  foundation,  it  is  imperative  to  place  the  piles 
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at  as  large  a  radius  as  possible  to  take  up  the  additional  thrust  due  to  wind, 
thereby  lessening  the  maximum  pile  load  and  increasing  the  factor  of  safety 
against  overturning  of  the  structure.  In  doing  this  the  reaction  from  the  outer 
piles  will  not  be  transferred  directly  to  the  brickwork.  The  outer  ring  of  piles, 
for  instance,  in  Fig.  15  must  be  resisted  in  radial  bending  by  inserting  a  mat  of 
reinforcement  at  the  bottom  of  the  concrete  raft  slab  or  alternatively  by  applying 
the  principles  of  the  dome  in  the  following  maimer. 

The  thick  concrete  base  or  raft  slab  being  stiff  transmits  the  dead  weight 


Fig.  15. 


from  the  chimney  uniformly  over  the  piles  so  that  the  pile  load  is  the  total  dead 

weight  di\-ided  by  the  number  of  piles. 

The  total  dead  load  reaction  from  the  outer  ring  of  piles  may  be  transmitted 
to  the  brickwork  by  any  inward  inclined  thrust  T  at  a  predetermined  angle  a, 
pro\-ided  the  horizontal  radial  component  of  this  thrust  T  is  balanced  by  an 
inward  force  suppUed  by  circumferential  tension.  As  in  a  domed  shell,  this 
ring  steel  may  be  calculated  in  the  following  manner.  If  each  pile  reaction 
due  to  the  dead  load  is  of  magnitude  P  acting  at  a  diameter  2r2  then  the  total 
reaction  of  «2  piles  in  the  outer  ring  is  WjP.     Hence    T  sin  a  =  »2^.    arid  the 


outward  radial  thrust  is 


n,P 


sma 


cos  a.     The  radial    thrust    per    unit    of   circiim- 


,  .     WjP  .  .       .    WjP  cot  a     ^    .     ,      .      , 

lerence  is cot  a  and  the  rmg  tension  is  .  As  m  the  rmg  beam  at  the 


27zr, 
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bottom  of  a  flat  dome,  provision  must  be  made  for  this  total  circumferential 
force,  at  the  usual  allowable  working  stress  of  steel  in  tension,  in  the  form  of  a 
continuous  ring  at  the  edge  of  the  base  with  suitable  secondary  reinforcement. 
The  vertical  reactions  due  to  dead  load  from  the  outside  piles  are  thereby 
transmitted  directly  into  the  brickwork  without  cantilever  steel. 

The  additional  load  on  the  piles  due  to  wind,  and  particularly  those  in  the 
outer  ring  on  which  this  load  is  greatest,  must  be  provided  for  in  cantilever 
bending  in  the  more  orthodox  fashion,  since  the  pile  reactions  from  this  cause 
vary  round  the  ring  according  to  the  direction  in  which  the  wind  is  blowing  and 
the  diagonal  or  inclined  thrusts  are  therefore  not  constant  at  any  moment  round 
the  circumference.  Moreover,  the  additional  forces  are  only  occasional  and 
intermittent.  The  method  of  obtaining  the  pile  reaction  due  to  the  wind  does 
not  come  within  the  scope  of  these  articles.  An  outline  of  the  method,  however, 
is  as  follows.  Let  n^  be  the  number  of  piles  at  a  radius  r^  and  Wg  the  number 
of  piles  at  a  radius  rj,  etc.  Then  I^^  =  lyy  =  moment  of  inertia  of  the  piles 
about  a  diameter  =  ^{n^r^^  +  «2''2^  +  •  •  ■)  —  I-     The  distance  of  the  farthest 


7W7 


Fig.   16. 

pile  from  the  centre  is  rj.     Now  if  M^  is  the  total  overturning  moment  due  to 

wind,  then  the  additional  load  on  any  pile  at  a  distance  x,  from  a  diameter  is 

lif    ^  X  M^    X  X 

— ,  and  on  any  pile  at  distance  X2  from  a  diameter  is  — ^^— — ^,  and  the 

maximum  extra  load  is  on  any  outside  leeward  pile  when  the  wind  is  blowing  in  the 

M,„  X  r^ 


direction  of  the  arrow  and  is 


These  additional  loads  on  the  outside 


piles  (and  the  maximum  may  occur  on  any  of  the  outside  piles)  must  be  taken  by 
cantilever  steel  in  the  bottom  of  the  raft  slab  as  indicated  earlier. 


The  Conical  Dome. 

Another  surface  of  revolution  which  may  be  used  to  support  a  load  at  the 
crown  is  the  right  cone,  the  section  through  the  axis  of  which  is  a  triangle. 

Here  again,  the  stability  of  the  shell  is  attained  by  direct  forces  acting  down 
the  shell  through  the  apex  and  circumferentially  at  all  levels,  without  transverse 
or  bending  stresses.  The  following  analysis  shows  the  principles  involved  and 
the  method  of  estimating  the  stresses.  The  weight  w  per  unit  of  surface  is  deemed 
to  include  the  weight  of  the  shell,  covering,  and  superload.  Differing  from  the 
spherical  dome,  the  angles  which  the  meridional  lines  make  with  the  axis  of 
revolution  are  constant  at  any  level  and  are  half  the  vertex  angle,  say  cf),  in  Fig.  16. 
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Consider  an  elemental  ring  at  a  depth  y  from  the  vertex  and  having  a  height 
dy.  The  vertical  component  of  the  total  meridional  thrust  T  at  this  level  is 
equal  in  magnitude  to  the  weight  of  the  cone  above.  Expressed  algebraically 
this  is 

w  y 

(2Jiy  tan  <{))T  cos  6  =  —Izny  tan  <f>)  -^~ 
2  cos^ 

f  —  ^       '" 


2   cos^  <f> 

On  the  underside  of  the  elemental  ring  the  meridional  thrust 
increases  to  {T  -f  dT),  and  hence  the  problem  is  to  find  the 
effect  of  this  small  increase  in  the  thrust  which  in  turn  causes 
hoop  compression  around  circles  of  latitude. 

The  value  of  the  hoop  compression  H  is  given  by 

H.2Jiy.  tan  ^  ds 

dy 


H.Tjiy  tan  <f) 


cos<f> 


The  component  of  T  acting  horizontally  and  radially  from  the  axis  of  revolu- 
tion is  r  sin  ^.     This  radial  component  causes  a  hoop  tension  equal  to  T  sin  ^ 

times  the  radius  of  the  ring  of  a  depth  y,  that  is,  T  sin^.y  tan  ({>  =  Ty 


At  the  same  time  the  thrusts  {T  +  dT)  have  a  similar  effect 
{T  +  dT)iy  +  dy)'^''t' 


COS(f) 


cos^ 

but  in  the  opposite  direction  and  causing  hoop  compression  ;  the  difference  of 
the  two  effects  determines  the  hoop  force  in  the  elemental  ring.  For  a  cone  the 
latter  is  greater  than  the  former,  resulting  in  hoop  compression  at  all  points  on 
the  surface. 

The  difference  expressed  algebraically  is 


Hy    _H{y-^  dy) 
cos  <f>  cos  (f> 


Hdy 


COS(f> 


|_         COS  (f>J 

Vw     y^    sin^  (fH 

|_2    COS^  <f)  cos  (f)J 


^d 


,-       w  COS  (b  sin^  4>  d  ^  „ 
H  ^ ^  -  ■     j-Lyl 


2  COS^  (f) 

w  sin*^ 

2    COS^^ 


COS^  <f>  COS  <j>_ 

dy 


j^y 


=  w  tan^  (f).y 
or     H  ^  —  w  tan*  <j).y 
As  shown  by  the  negative  sign,  the  cone  is  in  hoop  compression  at  all  levels, 
and  the  supports  have  to  take  an  inclined  thrust  giving  a  horizontal  reaction 

r  sin  «^  = — f .     This  force  may  be  taken  by  a  band  of  reinforcement  in 

2  COS*  ^ 

ring  tension  as  described  for  the  flat  dome.    Actual  values  for  any  example  may 
readily  be  substituted  in  the  expressions  given. 
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